A Bose-Einstein condensate can be well described by an order parameter called condensate wavefunction. If Bose-Einstein condensation occurs in a superposed single particle state, the condensate wavefunction is correspondingly superposed. Likewise, if two coupled distinguishable or non-overlapping Bose systems condense in an entangled single particle pair state, the condensate wavefunction is correspondingly entangled. With superposition and entanglement, condensate wavefunction can thus be used to implement quantum bit in quantum computation. Because many identical particles occupy a same state, a Bose condensate has intrinsic robustness. Furthermore, the nonlinearity of the condensate wavefunction due to particle-particle interaction can be utilized to realize nonlinear quantum computation, which may deal with NP-complete problems. Therefore, indistinguishability of identical particles is a resource of fault tolerance and computational power. These ideas are illustrated in terms of Bose-Einstein condensation of trapped atoms.
of solving NP-complete and #P problems in polynomial time [14] . However, this result has remained as an academic curiosity, or a pathological feature of non-linear quantum theory; after all, quantum mechanics is linear.
Therefore, by predicting the entanglement between different Bose condensates, the present paper sheds some new light on quantum information and foundations of quantum mechanics, as well as many-body physics. In particular, here we propose implementing a qubit in terms of a Bose condensate, instead of a single particle; and in general in terms of the condensate wavefunction of a condensate, instead of a single particle pure state. Hence the perspective of quantum computing is broadened. It is shown that indistinguishability of identical particles is a source of both fault tolerance and computational power. The first advantage is the intrinsic robustness and stability. Symmetrization was the first proposed method of reducing error [15] . For a non-interacting or weakly interacting Bose system, the condensate is, exactly or approximately, a huge, nearly infinite, repetition of a same single particle state, which encodes the qubit. For a Bose system, a many body state is always symmetrized, hence it is a natural realization of the fault tolerance prescription based on symmetrization. On the other hand, it is well known that the condensate wavefunction is rigid and robust. The second advantage comes from the nonlinearity of the condensate wavefunction in presence of the interaction, which can even be tuned in the case of atomic condensate [16] . This may change the nonlinear quantum computation, capable of dealing with NP-complete problems, to be a practical pursuit.
We will illustrate the ideas in terms of Bose-Einstein condensation of trapped atoms [2, 3, 17] , using both a condensate in a double-well potential and a condensate whose internal state can be a superposition of two basis states. In the first case, the two bits are represented by the two condensate wavefunctions localized at the two wells, a general qubit is a superposition of these two. In the second case, the internal state encodes the qubit.
Note that we refer to overlapping identical particles in a double-well potential or with two internal states as belonging to one condensate. In the literature, "two condensates" is sometimes used in referring to these situations. This is appropriate when there is no tunneling between the position wavefunctions in the two wells or the two internal states. However, here we consider that each particle is generically in a superposed state, of either two localized position wavefunctions or two internal states. Since all the particles are overlapping identical particles even if they are from different sources initially, they are said to be in one condensate. This is similar to the issue of interference between photons from different sources [18] . On the other hand, two non-overlapping Bose systems, or two Bose systems of distinguishable particles are herein said to be condensed to "two condensates".
In the perspective of many-body physics, this paper offers some new ideas on the subject of coupled many-body systems, each of which is composed of identical particles, but the coupled systems are distinguishable or non-overlapping. The field operator is defined collectively for the coupled systems, rather than independently for each system. Thus we initiate a many-body physics, or field theory, of entangled states. It would be interesting to apply the ideas to relevant physical problems. With great flexibility of manipulation, the new area of trapped atoms may be a playground for it. Both experimental and theoretical investigations are needed.
As will be discussed at Section 8, our proposal has a connection with the Josephsonjunction quantum computation [19, 20] . We also note that the usefulness of atomic Bose-Einstein condensation for quantum information is also discussed in another topic, i.e. generating entangled individual atoms from a condensate [21] .
The paper is organized in the following way. Section 2 is an overview of the concept of condensate wavefunction and its nonlinearity, with a rigorous derivation of Gross-Pitaevskii equation from ODLRO. Bose-Einstein condensation in a double-well potential is a prototype in discussions from Section 3 to 6. Subsection 3.1 justifies the superposition of condensate wavefunction, as a consequence of a corresponding superposition of single particle states. Subsection 3.2 considers coupling between two condensates. With a collectively defined field operator for coupled many-body systems, entanglement between the condensate wavefunctions is justified. In Section 4, explicit forms of the many-body states, both the particlenumber conserved states and the coherent states, are discussed. In Section 5, with some derivations detailed in the Appendix, field theoretic Hamiltonian, as well as the equation of motion of the condensate wavefunction, of the coupled Bose condensates, are obtained. Section 6 contains discussions on implementing quantum computation in terms of condensate wavefunction in a double-well potential. Intrinsic robustness is discussed in Subsection 6.1. NP-complete problems and nonlinear quantum computation are introduced in Subsection 6.2. One-bit operations are discussed in Subsection 6.3. Two-bit operations are discussed in Subsection 6.4. In Section 7, we discuss, in parallel to Sections 3 to 6, the case of spinor condensate, which has two components with different internal states. Especially, in Subsection 7.2, we consider coupling of two spinor condensates, with the total condensate wavefunction being a four-component spinor. A simple scheme of using the internal state as the qubit is discussed in Subsection 7.5. Section 8 contains some additional remarks. A summary is given in Section 9.
CONDENSATE WAVEFUNCTION AND ITS NONLINEARITY

Introducing condensate wavefunction
For a Bose system, at a low temperature, there is a finite density of particles in a same single-particle state. In the following, we review three approaches to the condensate wavefunction description of Bose-Einstein condensation.
[1] In the mean field theory, which becomes exact in the absence of the interaction, the Bose-condensed state, usually the many-body ground state of the system, is assumed to be in a Hatree form,
where φ(r i ) is the single particle state, which turns out to be the condensate wavefunction. One can define
[2] In the spontaneous gauge symmetry breaking or coherent state approach [22] [23] [24] ,
whereψ(r) is the boson field operator. The particle number is not conserved, and the ground state is a coherent state |Φ , witĥ
where |Φ(r)| 2 is the condensate density. One may use (2) to define φ(r), with N now being mean particle number.
[3] The exact and general criterion for Bose-Einstein condensation is ODLRO of the one-particle reduced density matrix [5] ,
whereρ is the density matrix. ODLRO can be expressed as
as |r − r ′ | → ∞. This applies to both particle number conservation and non-conservation cases. In case of particle number conservation, Φ(r) = √ λΦ 0 (r), where Φ 0 (r) is the eigenfunction ofρ 1 with the largest eigenvalue λ, of the order o(N). In case of particle number non-conservation, Φ(r) = ψ (r) . When N → ∞, there is no practical difference in using the coherent state or the particle number conserved state.
Nonlinearity
The many-body Hamiltonian iŝ
is the single particle Hamiltonian, U(r i − r j ) is the particle-particle interaction, m is the particle mass, V (r) is the external potential, e.g. the trapping potential in case of the trapped atoms. In terms of field operator, the many-body Hamiltonian is
which leads to the equation of motion ofψ(r),
With weak interaction, one can use s-wave approximation U(r − r ′ ) = gδ(r − r ′ ), with g = 4πh 2 η/m, where η is the s-wave scattering length. Then replacingψ(r, t) with √ N φ, one obtains the Gross-Pitaevskii Equation for the condensate wavefunction,
There is a similar situation in superconductivity [25] .
There is an approximation in obtaining the Gross-Pitaevskii equation. However, it has been shown that the ground state energy and density given by Gross-Pitaevskii equation become exact as the particle number N tends to be infinity while Nη is fixed [26] , and the error is about 1% under certain experimental condition [27, 3] . Moreover, for the purpose of nonlinear quantum computation, it should be noted that the nonlinearity itself, having already been present in (10) , is qualitative and is not a result of approximation. This nonlinearity originates in the interaction between identical particles, and has observational physical effects [28] [29] [30] . The approximation in obtaining (11) lies in replacing |ψ(r, t)| 2ψ (r, t) as | ψ (r, t) | 2 ψ (r, t) . As a more rigorous justification, now we give a derivation of the Gross-Pitaevskii equation from ODLRO. The one-particle reduced density matrix can be written as
from which we obtain
One can obtain the equation of motion ofρ 1 as
where r ′ 1 , r 2 |ρ 2 |r 1 , r 2 is the two-particle reduced density matrix, to which the major contribution comes from r
and considering V (r 1 − r 2 ) = gδ(r 1 − r 2 ), and ODLRO as given in equation (6) , one obtains
which leads to the Gross-Pitaevskii equation. The approximation is in (15).
SUPERPOSITION AND ENTANGLEMENT OF CONDENSATE WAVEFUNCTIONS
Superposition of condensate wavefunctions
In discussing Josephson-like interference effect, superposition of condensate wavefunction is generally used. A typical example is a condensate in a double-well potential. Usually the superposition is justified in a general way by the superposition of solutions of linear differential equation, by assuming that the nonlinear effect is small, without considering the meaning of the condensate wavefunction. Here we give justifications based on ODLRO and on SGSB.
Suppose that each single particle state is a superposed one. For example, for a single particle in a symmetric double-well potential, each energy eigenstate is in general a superposition of the two degenerate eigenstates, each of which is an eigenstate of the Hamiltonian with the local potential of one well. It can be represented as
or, in terms of position wavefunctions,
Here α is an index for the energy level, 0 and 1 are indices for the two degenerate orthogonal states. φ α (r, t) = r|α (t), φ α,n (r) = r|α, n , (n=0,1). In the case of double-well, 0 and 1 represent the two wells. | α, 0|α, 1
e. the two states are nearly orthogonal though not exactly so.
Using these superposed single particle states to define the field operator, we havê
where φ α (r) is as given in (18),â α is the annihilation operator. Thereforê
with n = 0, 1, is the field operator with the specific which-well index, meaning the annihilation of a particle at this well. By making SGSB average of (20), we have
with Φ(r) = ψ (r) , Φ n (r) = ψ n (r) . Therefore, in correspondence to the superposition of the single particle states, a general condensate wavefunction is a superposition. The condensate wavefunction of the condensate in a double-well potential is a superposition of two branches, each of which localizes in a sub-well. The explicit form of the symmetry breaking state used in calculating the average of field operators will be discussed in Subsection 4.2.
We can also give a justification in terms of ODLRO. With (20), the one-particle reduced density matrix is
where
Hence
which indicates the existence of the superposed condensate wavefunction Φ(r), as in (22).
Entanglement of condensate wavefunctions
The approaches in Section 3.1 can be extended to the entanglement. Consider, say, two coupled Bose systems a and b, each consisting of N particles in a different double-well potential. These two Bose systems should be non-overlapping if they are composed of a same kind of particles, but may be mixed if they are composed of two different kinds of particles. Particles in system a interact with particles in system b. For such a situation, the notion of the single particle state is extended to single particle pair state between a and b,
where the superscripts "a" and "b" denote the two Bose systems, other symbols have the same meanings as those for a single Bose system, as introduced in Section 3.1. The single particle pair position wavefunction of (27) is,
which satisfies
For such a case, one can define a joint field operator for the total system,
whereÂ α a ,α b represents the annihilation operator for a single particle pair with (α a , α b ), satisfying
which, with (29) , are equivalent to
With (28), (30) can be written aŝ
is the field operator for specific values of n a and n b , meaning the joint annihilation of a particle at φ α a ,n a (r a ) a particle at φ α b ,n b (r b ). By making SGSB average of (30), we have
while
which is factorized since when n a and n b are specified, phase coherence is only meaningful in a same condensate. (39) indicates that in correspondence to the entanglement of the single particle states, the condensate wavefunction of the total system Φ(r a , r b ) can entangle the condensate wavefunctions of the two coupled Bose systems.
The justification can also be made in terms of ODLRO. We can define the one-particlepair reduced density matrix,
With (30), (42) can be written as
When n a and n b are specified, ODLRO is only meaningful within each Bose system. Hence
Consequently, (43) approaches
implying that there exists a coupled condensate wavefunction Φ n a ,n b (r a , r b ), as given in (39) . For convenience, we may write (39) as
MANY-BODY STATES
Particle-number conserved states
A many-body basis wavefunction of a Bose system can be constructed as a symmetrized product of the single particle wavefunctions [31] . For the superposed single particle state, it is straightforward to write the many-body basis states, just using the superposed single particle wavefunction (18) in the following expression,
where P represents the permutation on the N identical particles. In the mean field theory, when all α i are all α 0 , it is the Bose-condensed state,
Likewise, a construction can be made for the coupled Bose systems considered here, using the wavefunction of a single particle pair between the two systems, with symmetrization for both systems. It can be written as
where P i (i = a, b) represents the permutation on the N identical particles in system i. The double symmetrization can be understood as independent symmetrizations over systems a and b, or equivalently, as symmetrization over one system and symmetrization over all possible pairing ways with particles in the other system. Similar to the case of a single Bose system, the normalized basis is
where m α is the the number of index pairs (α
, among all possible ones. Any many-body state can be constructed by using these basis states.
For such a coupled system, in a mean field theory, or if there is no interaction within each Bose system, while the interaction between the two systems is also negligible but the two systems maintain coupling, the many-body wavefunction for the Bose-condensed state, usually the ground state, can be explicitly written as
is the single particle pair state to which the system is Bose-condensed into. It can be an entangled state. Although not necessarily so, normally φ α a
is the ground state of a single particle pair between a and b. So the entangled condensate wavefunction, Eq. (46), can also be obtained from (52) in a mean field theory.
Coherent states
We may also construct coherent states for condensates with superposition or entanglement.
First consider a single condensate, in which the single particle state is φ α 0 (r). The coherent state is
where |0 is the vacuum. Consequentlŷ
where Φ(r) = zφ α 0 (r). If the single particle state in which Bose condensation occurs is a superposition c 0 φ α 0 ,0 (r) + c 1 φ α 0 ,1 (r), then the coherent state can still be written as above, but with Φ(r) = z[c 0 φ α 0 ,0 (r) + c 1 φ α 0 ,1 (r)]. On the other hand,
with Φ n (r) = zφ α 0 ,n (r). Thus (22) is justified by this coherent state. Now consider two coupled condensates a and b. Suppose the inter-condensate single particle pair in which Bose condensation occurs is φ α a 0 ,α b 0 (r a , r b ) as given in (52). The coherent state is then
which, with (30) , satisfiesψ
, and, with (38) , satisfieŝ
Hence (39) is also justified by this coherent state.
The situation considered here is different from previous works on the entanglement and quantum computation in terms of coherent state [32, 33] . The state here is the coherent state of entangled single particle pair state, and is not a cat state or entangled coherent state, hence is easier to be maintained.
MANY-BODY HAMILTONIAN OF COUPLED BOSE SYSTEMS
Hamiltonian
For two coupled Bose systems a and b, the general form of the Hamiltonian iŝ
whereĥ(r a i ) andĥ(r b k ) are single particle Hamiltonians of a particle in a and b, respectively, as given in (8) . U(r a i − r a j ) is the particle-particle interaction within a, while U(r
is the interaction between a particle in a and a particle in b. In terms of field operatorψ(r a , r b ) as defined in (30), the many-body Hamiltonian can be written as
with
The proof of (60) is similar to the case of a single Bose system. Following the approach of [31] , one may start with choosing the orthonormal basis to be a simultaneous eigenstate, |Ψ EN , of H and the particle pair number operator
Define
where, as before, the summation over P represents permutations, and here means all possible pairing ways. The Bose-condensed state (51) is a special case of (71). One can verify that (71) satisfies
andĤ
whereĤ is as given in (59), E is as given in (69). Hence the field theoretic Hamiltonian (60) is valid. More details on how to obtain (72) and (73) from (60) are given in Appendix.
Equation of motion
From the many-body Hamiltonian (60), the equation of motion of the field operator ψ(r a , r b ) is obtained as
from which one obtains the equation of motion for the coupled condensate wavefunction
6. QUANTUM COMPUTATION WITH CONDENSATE QUBITS
Robustness
Here we propose that a qubit in quantum computation can be implemented as a Bose condensate.
There is robustness and stability due to indistinguishability of identical particles and the macroscopic occupancy of a same single particle state. For example, consider an excited state where only one particle is away from the ground state, for distinguishable particles there are N possibilities, while there is only one possibility when all the particles are identical [34] . For a single condensate, the ground state is a product of the same single particle state. For two coupled condensates, the ground state is a product of the same single particle pair state, with symmetrization over all possible pairing. In general, symmetrization always needs to be made on the many-body state. This reduces the error probability. Interestingly, symmetrization has been studied as a way of reducing error in quantum computation, which was found to suppress the error probability by 1/N [15] . Here we have a natural realization of this prescription. Besides, coherent state is more robust against the coupling with environment [35] .
The above picture is exact at zero temperature and in absence of the interaction, however, it can also be used in general for condensate of weakly interacting particles as a mean field approximation. This leads to the rigidity and stability of the condensate wavefunction, which is sometimes referred to as a classical field. Therefore a quantum computation using condensate qubits is robust and fault tolerant.
In the terminology of Leggett [36] , the states considered here have low disconnectivities. Although the whole system must maintain quantum coherence, the superposition or entanglement is essentially on the scale of a single particle for each condensate. However, decoherence of these superposed and especially entangled states, as well as the effect of interaction between particles on the error reduction in symmetrization, are subject to further studies.
NP-complete problems and Nonlinear Quantum Computation
The class of NP-complete problems is a foundation of the computational complexity theory. It includes thousands of practically interesting problems, such as travelling salesman, satisfiability, etc. NP stands for "non-deterministic polynomial time". NP-complete problems are those for which a potential solution can be verified in polynomial time, yet finding a solution appears to require exponential time in the worst case. The completeness means that if an efficient, i.e. polynomial-time, algorithm could be found for solving one of these problems, one would immediately have an efficient algorithm for all NP-complete problems. A fundamental conjecture in classical computation is that no such an efficient algorithm exists. It was found that with nonlinearity, a quantum computer can solve NP-complete problems by efficiently determining if there exists an x for which f (x) = 1, and can solve #P problems by efficiently determining the number of solutions [14] . The algorithm there is based on one or two one-bit nonlinear gates, which amplify the difference between states, together with linear gates. However, it is an experimental fact that fundamental quantum mechanics is linear to the available accuracy, while nonlinear fundamental quantum theory [37] usually violates the second law of thermodynamics [38] and the theory of relativity [39] . Now, because the condensate wavefunction is nonlinear when there is interaction between particles, while it has been shown that the condensate wavefunctions of different Bose condensates can be entangled, we propose that condensate qubit can be used to realize the nonlinear quantum computing, and thus deal with NP-complete and #P problems. It may also be possible to use it to go around some constraints in quantum information processing originated in linearity of quantum mechanics. For a Bose condensate of trapped atoms, the atom-atom interaction, and thus the nonlinearity of condensate wavefunction, can be tuned. Therefore in principle one may construct linear gates by turning off the nonlinearity, and nonlinear gates by turning on the nonlinearity. The nonlinearity of Gross-Pitaevskii equation is just of Weinberg-type [37] , which is used in the algorithms in [14] .
One-bit operations
Now we illustrate how to implement the one-bit gates, in terms of a Bose condensate of trapped atoms in a symmetric double-well trapping potential V (r) (Fig. 1) , which has been realized in experiments [40, 41] . The Josephson-like effect in this system has been investigated [2, 42] . We may represent bits |0 and |1 as the degenerate condensate wavefunctions at the two wells, respectively. Thus
where n = 0, 1, φ n (r) = u(r − r n ) is the condensate wavefunction corresponding to the local potentialṼ (r − r n ), which may be parabolic, at the vicinity of the bottom r n . Because of the finiteness of the barrier, |0 and |1 are not strictly orthogonal, but are very nearly so, i.e. | 0|1 | 2 = | φ 0 (r) * φ 1 (r)dr| 2 = ǫ << 1. A qubit |q(t) is in general a superposition of |0 and |1 ,
where . = denotes the matrix representation, with
Note that in the presence of interaction, φ n (r) and thus |q are in general not pure states, but for convenience we still use Dirac notation.
Gross-Pitaevskii equation leads to
represents the Josephson-like tunneling effect,
E is the energy of the basis |0 and |1 . Therefore, when the s-wave interaction is turned off, κ = 0, we may have an arbitrary one-bit linear transformation, depending on the time span τ :
Thus one may construct one-bit linear gates. When the s-wave interaction is turned on, κ = 0, there is a twisting rotation in the state space spanned by |0 and |1 . By choosing appropriate time span, this may be used to construct one-bit nonlinear gates.
Two-bit Operations
The nonlinear one-bit gates of Bose-Einstein condensates may be integrated with the linear gates of other qubit carriers, so that the algorithms in [14] can be implemented, since only one-bit nonlinear gates are needed there. This is possible because Bose-Einstein condensates can be entangled with, for instance, photon states [43] .
A network of condensates is also possible. In the following, we investigate the evolution of two coupled condensates based on a direct interaction, as described in Section 5. We consider trapped atoms in a double-well potential. A long range interaction, denoted as W (r − r ′ ), such as dipole-dipole interaction, is a possible basis of the inter-condensate interaction. It is considerable either for the magnetic moments of trapped atoms with high magnetic moments [44] , or for the electric dipoles induced by strong dc fields [45] . It would be ideal if the kind of interaction between atoms in different condensates, for the purpose of coupling, is absent or somehow canceled out between atoms in a same condensate. However, we shall discuss the general case.
In the presence of a long range interaction W (r−r ′ ), in addition to the s-wave interaction, one should substitute U(r − r ′ ) = gδ(r − r ′ ) + W (r − r ′ ) in the Gross-Pitaevskii equation. One-bit Hamiltonian (79) is then modified to
where µ 1 = W (r −r ′ )|φ n (r)| 2 |φ n (r ′ )| 2 is due to W within a same well, while µ 2 = W (r − r ′ )|φ n (r)| 2 |φ n (r ′ )| 2 , with n = 1 − n , is due to W within different wells. µ 1 ≫ µ 2 , since W between atoms within a same well is much larger than that between atoms in different wells.
A two-bit gate may be constructed by putting together two double-wells, each of which confines a condensate. They are close to each other in a face-to-face way (Fig. 1), i. e., |0 a is close to |0 b , and |1 b is close to |1 b . Therefore for atoms in different condensates, W between, say, an atom in |0 a and an atom in |0 b is much larger than that between an atom in |0 a and an atom in |1 b . This is the major origin of the conditional dynamics.
Substituting (46) to the equation of motion of the total condensate wavefunction of two coupled condensates, Eq. (75), with U(
where E i , Ω i , and κ i , (i = a, b) have the same meanings, respectively, as those quantities without the superscripts, defined above for a single condensate. n i = 1 − n i . For simplicity, we may set
Then Eq. (84) can be written as the matrix equation
and
In principle, (110) is a basis for two-bit operations. For simplicity, we have set µ
There are some interesting questions worthy of investigations, for example, whether (110) can be used to realize universal two-bit gates, whether there is universality for nonlinear gates, how to construct algorithms for NP-complete and #P problems based directly on (78) and (110), how to realize linear and simpler two-bit operations for the Bose-Einstein condensates, whether useful operations like swapping [49] can be constructed, etc. While general answers to these important questions are left for future work, one can see that if H 6 dominates, with other interaction terms ignored or canceled, then (110) is greatly simplified, with diagonal elements being E a + E b + N 2 ν n a n b . The two-bit coupling Hamiltonian is then simply , b) . This coupling Hamiltonian is a standard one, which can generate an arbitrary linear two-bit operation.
SPINOR CONDENSATES
Spinor condensate wavefunction
Up to now, the internal states of the particles are irrelevant. In this section, in parallel to the above discussions on a condensate in a double-well potential, we discuss the internal state of a condensate, its coupling with the motional degree of freedom, and its use as a qubit. In this case, the single particle state, the field operator, and the condensate wavefunction are all spinors. We use a two-component condensate in an atom trap [46] as the prototype for discussions.
Suppose that the two basis states of the internal state is |0 and |1 . Then the single particle state can be written as φ α (r, t) = φ α,0 (r, t)|0 + φ α,1 (r, t)|1 .
The two components of the position wavefunction, φ α,0 and φ α,1 , can be viewed as positiondependent "expansion coefficients" of the internal state. The field operator iŝ
whereψ
Making SGSB average of (118), with respect to the motional degree of freedom, leads to
with Φ(r) = ψ (r) , Φ n (r) = ψ n (r) . Therefore, the condensate wavefunction is also a spinor. For convenience, (120) can be written as
The justification in terms of ODLRO can also be made. The one-particle reduced density matrix is
where r ′ , n ′ |ρ 1 |r, n = ψ n ′ (r ′ )ψ † n (r) . The existence of ODLRO implies r ′ , n ′ |ρ 1 |r, n → Φ(r ′ , n ′ )Φ * (r, n), and thus
which indicates the existence of the spinor condensate wavefunction Φ(r), as in (120).
Four-component spinor condensate wavefunction of two coupled condensates
In general, with the internal state taken into account, the single particle pair state between the two Bose systems a and b is a four-component spinor,
The joint field operator is defined aŝ
The commutation relations can also expressed as Eqs. (31) to (36) . Therefore,
By making SGSB average of (128), we have
. Therefore for two coupled Bose condensates, when the single particle pair state is a four-component spinor, the joint field operator and the total condensate wavefunction are four-component spinors as well. This situation can be viewed as a sort of entanglement between the internal states of the two single particles or the two condensates. But with the coupling with the motional degree of freedom, the position-dependent "coefficients" are spinor components of the single particle pair wavefunction or condensate wavefunction.
A derivation in terms of ODLRO can also be made. The one-particle-pair reduced density matrix is
With ODLRO,
Consequently, (132) approaches
implying that the existence of the condensate wavefunction as a four component spinor, as given in (130). For convenience, we may write (130) as
Many-body states
For the spinor single particle state, it is still straightforward to use it to write the manybody basis states, in the form of a symmetrized product, as given in (47), where φ α (r) is now as given in (116). The basis state for the coupled Bose systems is as given in (49), but now using (124) as the single particle pair state between the two systems. The normalized one can also be expressed as (50) . The coupled Bose-condensed state, in the absence of interaction, is as written in (51), but with
as the single particle pair state to which the system is Bose-condensed into.
The coherent state of a single condensate in the single particle state
can also be expressed as (53) and (54), but with φ α 0 (r) now given in (137). Hence ψ(r)|Φ = Φ(r)|Φ , with Φ(r) = zφ α 0 (r), and ψ n (r)|Φ = Φ n (r)|Φ , with Φ n (r) = zφ α 0 ,n (r). Therefore Φ(r) satisfies (120). For two coupled condensates a and b, the coherent state can be expressed expressed in (56) and (57)
. Therefore Φ(r a , r b ) satisfies (130).
Hamiltonians and equations of motion
When there is no coupling between the internal state and the motional state, the condensate wavefunction can still be formally written as (121), but with φ 0 (r, t) = c 0 (t)φ(r, t), φ 1 (r, t) = c 1 (t)φ(r, t), where c 0 and c 1 are position-independent. The motional degree of freedomφ(r, t) is then described as in Section 2. With an electromagnetic field, the Hamiltonian for the internal state isĤ
withσ z |n = (2n − 1)|n . ω is the Rabi frequency, while δ is the detuning. With the coupling between the motional and internal states, the total Hamiltonian iŝ
where U(r i − r j ) is in general dependent on the internal states of the particles at r i and r j . It is such a dependence that gives rise to the coupling between internal state and the motional state. Usually, U does not change the internal states. In the basis |00 , |01 , |10 , |11 , the matrix representation of U is
The field theoretical Hamiltonian is
where the field operatorψ(r) is as defined in (118). The equation of motion ofψ(r) is ih ∂ψ(r, t) ∂t
In the matrix representation with the basis |0 , |1 , ψ (r)
where V n (r) = ω ρ ρ 2 /2 + ω z (z − z n ) 2 /2, i.e. the vertical position of the trapping potential may be dependent on the internal state [46] . Thus
Consequently, through SGSB or ODLRO, one obtains the coupled Gross-Pitaevskii Equations for the spinor condensate wavefunction
If the interaction is s-wave interaction, U nn ′ (r −r ′ ) = g nn ′ δ(r −r ′ ). As above, the interaction may also include a long-range one W nn ′ (r − r ′ ), which is also assumed to depend on, but not change, the internal states of the interacting particles. Eq. (147) for s-wave interaction has been given before [46] , however, our derivation may be useful.
For two coupled Bose systems a and b, the general Hamiltonian is similar to Eq. (59), with each term now changed to a matrix in the internal state space, in a way similar to the above case of a single Bose system. In terms of field operatorψ(r a , r b ) as defined in (127), formally the field theoretical Hamiltonian can be expressed as (60), while the equation of motion is in the form of (74). However, each potential or interaction energy operator depends in the appropriate way on the internal states. In the matrix representation,
in the basis
in the basis of
Then it is easy to write Eqs. (61) to (66) and (74) in the matrix form. The following is the equation of motion for each componentψ n a n b (r a , r b ).
from which one obtains the equation of motion for the condensate wavefunction component by replacingψ n a n b (r a , r b ) as Nφ n a n b (r a , r b ).
Internal state of a condensate as the qubit
The internal state can encode qubit. Since all the particles are in the same state, we have robustness, as discussed above. There are technical subtleties. Here we only outline a simple scheme.
A simple implementation of one-bit linear operations can be made if there is no coupling with the motional state. Then applying an electromagnetic field can realize one-bit operations, based on Eq. (138). There is no nonlinearity here, since nonlinearity appears only when the motional degree of freedom is involved.
The two-bit operations (Fig. 2) can be realized by using conditional phases coming from the motional degree of freedom, in a way similar to some proposals for individual atoms and ions [47, 48] . The state of the coupled condensate adiabatically evolve from an initial state, with internal and motional states decoupled. After a period of time T , each basis internal state goes back to the initial state, but with an additional phase depending on the initial basis internal state. We leave the the general case, as governed by Eq. (152), for further investigations, since nonlinearity may have special effects on the phase effect. Instead, here we assume that only the last of the interaction terms in (152) remains. Then the equation of motion for the condensate wavefunction is
Because for different basis internal states of a condensate in a trap, vertical positions are different, the inter-condensate interaction W n a n b (r a − r b ) depends on n a and n b . It can be arranged in such a way that W 00 (r
. Consequently, the adiabatic evolution is
Initially the two condensates are far away from each other, then they are brought to be close adiabatically, and then go back to the original positions. So φ n a n b (r a , r b ) is an eigenfunction of −h
, with eigenvalues E n a and E n b , respectively. Therefore
Hence γ 00 = γ 11 , γ 01 = γ 10 . Therefore phase gates can be constructed. Here we assume that the Berry phase vanishes. Conditional phase effect might also be realized by using collisions between the two condensates, similar to the case of individual atoms [47] . In this case, W (r a − r b ) is replaced by U(r a − r b ). One can use different atoms for the condensate a and b, each atom can have a superposed internal state. This is a new situation of mixture of condensates.
Additional remarks
In finishing this paper, we make a few additional remarks.
[1] Sometimes a condensate wavefunction is referred to as a classical field. However, it should be noted that it is not an ordinary classical field. Rather, it is a peculiar quantum phenomenon, originated in that a same single particle state is occupied by many identical particles. Therefore it does not seem to be too surprising that condensate wavefunctions can be entangled. The entanglement between condensate wavefunctions is originated in the Bose condensation of the coupled systems into an entangled state. It is not appropriate to refer to the entangled condensate wavefunction as classical.
[2] An extreme case of the coupled many-particle system considered here is that a particle of a system and a particle of another system form a composite particle. A related work is a consideration of the Bose-Einstein condensation of spin-polarized hydrogen atoms [50, 24] , where the condensate wavefunction is a superposition of two components corresponding to two different spin states of the electron-proton pair.
[3] In the previously studied case of "two condensates" in a double-well, or two-species condensate [51] , either of two different kinds of alkali atoms, or of different internal states of a same kind of alkali atom, it was said that the Gross-Pitaevskii equations of two condensate wavefunctions are coupled. But it should be noted that this only corresponds to the case of one condensate in our paper, although it can be said that it becomes two condensates when there is no superposition between the two basis functions. A relatively easy realization of the coupled condensates in our sense, as a four-component spinor, is to trap two different kinds of atoms, each with the internal state coupled to an electromagnetic field so that it can be a superposed one. The equation of motion of the collective field can still be written as Eq. (152), but the main interactions are all due to s-wave scattering, hence W n a n b = U n a n b ,
Superposition of condensate wavefunctions is useful for quantum computation no matter whether the entanglement is realized and used.
[5] Many studies on Josephson junction between superconductors are based on quantizing a macroscopic Hamiltonian with macroscopic variables such as the charge or particle number. This is actually equivalent to, or justified by, the approach of condensate wavefunction [24] . The variable conjugate to the particle number is the phase of the condensate wavefunction, with spontaneous gauge symmetry breaking. Therefore it is also a kind of condensate qubit that is used in the Josephson-junction quantum computation [19, 20] . Nevertheless, in these proposals, it is either the particle number or the phase of the condensate wavefunction which encodes the qubit. In our proposal, it is the superposition of two branches of the condensate wavefunction or the internal state that encodes the basis of the qubit. Josephson-junction qubits, since they are charged, can be coupled by an electric circuit. It it not clear whether there can be a practical indirect way of coupling neutral condensates.
[6] The effect of nonlinearity on the interference deserves further investigations, in connection with the issues of quantum computation. On the other hand, a simple choice is to realize only linear two-bit operations, as in [14] .
[7] If a swapping operation can be realized, an architect similar to that in [48] may be constructed, where a head qubit, through swapping operation, mediates operations between distant qubits.
[8] For a condensate computer, a possible way of read-out may be through the population distribution of each condensate. However, the details are left for further investigations.
SUMMARY
Coherent properties of Bose-Einstein condensation and superconductivity are well described by condensate wavefunction. If the single particle state is a superposed state, the condensate wavefunction is correspondingly a superposed one. The many-body state is, exactly or approximately, a product of the superposed states. Likewise, if the single particle states of two coupled Bose condensates are entangled, the condensate wavefunctions are correspondingly entangled. The many-body state is, exactly or approximately, a product of the entangled states, with symmetrization. We have considered the field theoretic representation, spontaneous gauge symmetry breaking and off-diagonal long-range order of the Bose system with superposed single particle state, and especially, of two distinguishable or non-overlapping Bose systems with coupled single particle pair state. Our investigation provides an example of entangled quantum field and its symmetry breaking. Both scaler and spinor fields are considered.
Superposition and entanglement is the resource of the power of quantum computation, hence condensate wavefunction can be used to implement quantum computation. That many identical particles occupy a same single particle state leads to intrinsic robustness and fault tolerance. They can be viewed as a natural implementation of the symmetrization procedure, which reduces the error probability. Indeed, condensate wavefunction is known to be stable and robust. On the other hand, the evolution of the condensate wavefunction is nonlinear, in the presence of the particle-particle interaction. Therefore, this nonlinearity can turn out to be a source of computational power, as indicated in a nonlinear quantum algorithm for NP-complete problems [14] .
We have illustrated the ideas by using Bose condensate of trapped atoms. One example is a condensate in a double-well potential, with the basis of a qubit represented as the which-well index of the condensate wavefunction. Another example is a condensate with two internal states. In addition to the proposal of implementing quantum computation, we have proposed some new ideas and formalism which may be interesting in the perspective of many-body physics, and Bose-Einstein condensation in particular. Especially, we have considered coupled condensates, each of which has two basis states. If these two basis states are the localized wavefunctions in the two sub-wells of a double-well potential, the total condensate wavefunction can be an entangled one. If these two states are internal states, the total condensate wavefunction is a four-component spinor, and the entanglement between the internal states can be realized.
This paper serves as an initiative, more studies are interesting on both the physics aspect and the quantum computing aspect.
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APPENDIX
Eq. (72) can be obtained, with (71), by using the fact that the particle pair number operator, (67), is an eigen-operator of |Ψ EN . It is a straightforward generalization of the derivation for a single Bose system [31] , with double integration and symmetrization. The different permutation terms in (71) are orthogonal, so in evaluating the left hand side of (72), there is a summation over N! terms, each term equals N! divided by (N!) 2 . Eq. (73) can be obtained by using, with H|0 = 0, 
which is implied by (69) and (71). Then as in [31] , one can show that in (161), each term with a part of H is equal to a corresponding part of (73). For H 1 , H 2 , H 3 , H 4 , the derivation is a straightforward generalization of that in [31] . In the following, we only consider 
